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UNCERTAINTY PRINCIPLE ON WEIGHTED SPHERES, BALLS 

AND SIMPLEXES 

YUAN XU 



Abstract. For a family of weight functions h^ that are invariant under a 
O , 1 reflection group, the uncertainty principle on the unit sphere in the form of 

■<C ■ min / i'i--Xi)\f(^)\^hl{x)dcT f \S/of(x)\^ hl{x)da > c 



is established for invariant functions / that have unit norm and zero mean, 
where Vq is the spherical gradient. In the same spirit, uncertainty princi- 
ples for weighted spaces on the unit ball and on the standard simplex are 
established, some of them hold for all admissible functions instead of invariant 
functions. 



1. Introduction 



In the form of the classical Heisenberg inequality, the uncertainty principle in 
M'' can be stated as 

]n- inf / \\x-ar\f{x)\'dx f \Wf{x)\'dx>^( f \fix)\'dx^ 

'— I ! 

^^ ^ where V is the gradient operator. The uncertainty principle has been studied 

extensively in various settings, see [6l ^Q\ and the references therein. Recently, in 
/~j I [2], we established an uncertainty principle on the unit sphere. Let S'^^^ denote the 

fT^ ■ unit sphere in R'' and let Vo denote the spherical gradient on S'*^^. The uncertainty 

inequality in ^ takes the form 

■k>. (1-1) min / il~-{x,e))\fix)\'da f \Vofixf da > cJ f \f{x)f da 

^\f . eeS''-^ Jgd-l Jgd-l \Jsd-l 

C^ ' for / € L^(S''~^) satisfying Jgd-i f{x) = 0, where da is the surface measure and 

Cd is a constant depending on the dimension d only. Let d(a;, y) = arccos (x, y) 
denote the geodesic distance on the sphere. Then 1 — {x,y) = 2 sin^ _L£lE1 ^ 
[d(a;, y)]^, which shows that the (jl.ip is a close analogue of the classical Heisenberg 
uncertainty principle. Furthermore, the inequality (jl.ip is shown to be stronger 
than an uncertainty inequality previously known [H [71 |8l [^ in the literature. 

The purpose of the present paper is to establish analogues of (|l.ip in several 
different settings. First of all, we consider the weighed space L'^{h'^,S'^~^) for a 
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family of weight functions ft-K of the form 

h^ix) = Yl 1(2;, w)r", f^v >o, 



veR+ 

that are invariant under a reflection group, where i?+ denotes the set of positive 
roots that defines the reflection group and k„ is a a nonnegative multiplicity function 
defined on i?_(- whose values are equal whenever reflections in positive roots are 
conjugate. In the case of the group Zj, the simplest case, 

d 

In the setting of a general reflection group, the role of rotation group, under which 
da is invariant, is replaced by /i^da and the partial derivatives are replaced by the 
Dunkl operators, I^i, . . . ,1?^, which are first order differential-difference operators 
that commute with each other [3]. In particular, the gradient is replaced by V/i := 
(2?i, . . . ,2?rf) and the operator Vq is replaced by the spherical part of V;i,o, which 
coincide with Vq on functions invariant under the reflection group. Secondly, there 
is a close relation between analysis on the sphere and analysis on the ball, which 
allows us to consider the setting of l?{y/,W^) for a family of weight functions W 
on the unit ball B*^ of M'*, including the weight function 

d 

w^-,m(^) = n i^^i'"' (1 - ikii'r^'^"' '^^ > 0, M > 0, 

and, in particular, the classical weight function W)^(x) = (1 — ||2:|p)^^^/^ on the 
ball. Thirdly, a further relation between analysis on B'' and that on the simplex 
T'' = {x e K'' : Xi > 0, 1 — a;i — • • • — a;^ > 0} allows us to study uncertainty 
principles on the simplex T'' with respect to several families of weight functions, 
including the classical weight functions 

U^(x) = x^i • • • x;j'*(I - XI - . . . - a;rf)«''+i , x G T''. 

Our proof relies on various properties of differential and differential-difference 
operators on the sphere. The background and the basic results are reviewed in 
Section 2. Based on the Dunkl operators and the analogous Laplacian defined by 
A/i = P^ -I- . . . -|- P^, a rich analogue of classical harmonic analysis for the mea- 
sure /i^dcr has been developed (see [Hll] and the references therein). It turns out, 
however, that the analogue of the spherical gradient, Vft,,o, has not been studied 
much in the literature. A detailed study of this operator and several other related 
operators is carried out in Section 3; the results in this section will likely be useful 
for further study in weighted spaces on the sphere. In Section 4, we establish our 
uncertainty inequalities in the space L^(/i^, S'^""'^). Our inequality holds for invari- 
ant functions under a general reflection group and for all functions for Zj under a 
mild restriction on the parameters of the weight function. In Section 5, we deduce 
uncertainty inequalities on the unit ball from those on the sphere; for the classical 
weight function W^ on the ball, our inequality holds for all admissible functions, 
not just for invariant functions. Finally, in Section 6, we deduce uncertainty in- 
equalities on the simplex from those on the ball; the inequality for the classical 
weight function C/^ holds for all admissible functions. 



The author thanks Feng Dai at University of Alberta for stimulating discussions 
on this and other related topics. 

2. Preliminary 

Throughout this paper, we denote by {x,y) and ||a;|| the usual Euclidean inner 
product and norm. For the formal inner product between a vector in W^ and an 
d-tuple of operators, say T = (Ti, . . . , T^), we use the notation of dot product x ■ T. 
For example, a; • V = X]i=i ^A- We also use the dot product for the former inner 
product between two d-tuple of operators. 

2.1. Ordinary differential operators. Let dj denote the j-th partial derivative 
operator. The usual gradient operator and the Laplace operator are defined by, 
respectively, 

V = {di,...,dd) and ^^dl + ...dl 

We can also write, symbolically, that A = V • V using the formal dot product. In 
spherical polar coordinates, x — r^ with r > and ^ G S''^^, we have 

. X d 1 ,, (f d-1 d 1, 

2.1 V^^— + -Vo and A = -— + — + — Aq, 

dr r dv^ r dr ?'^ 

where Vq is the spherical gradient vector and Aq is the Laplace-Beltrami operator. 
It is well known that Ag has spherical harmonics as eigenfunctions. Furthermore, 
these two operators acted on ^ variables and it is easy to see that 

Let us also mention that 

Ao = Vo • Vo 

holds. There is another family of differential operators that interact with Vo and 
Aq. They are angular derivatives defined by 

Di.j = Xidj — Xjdi, ^ l£ i J^ j l£ d. 

In terms of polar coordinates {xi,Xj) = ri j (cos 9i,j, sin 6i,j) on the (2:^,2;^) plane, 
the operator Dij is the angular derivative Dij = d/d6i,j. These operators are 
infinitesimal operators of the regular representation of the rotation group and they 
are closely related to the spherical gradient Vq and Laplace-Beltrami opeator Aq. 
Indeed, we have 

(2.2) Ao= ^ Dl, 

l<i<j<d 

and 

(2.3) Vo/(a:) • Vo5(x) = ^ D,J{x)D,^,g{x). 

l<i<j<d 

Furthermore, it is known that, for f,g e C^{S'^^^), 

(2.4) / D,,,f{x)g{x)da{x) - - / /(x)Ajg(x)da(x). 

Most of the properties in this subsection are classical. The proof of the last three 
displayed identities can be found in [U Section 1.8]. 
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2.2. Differential-difference operators. Let w be a nonzero vector in M'^ . The 
reflection (jy along v is defined by 

xa^ ■.^x-2{x,v)v/\\vf, xeW^. 

Let G be a finite reflection group on R'' witlr a fixed positive root system R^ . Then 
G is a subgroup of the orthogonal group generated by the reflections {(7„ : v € R+}- 
Let K be a nonnegative multiplicity function v t-^ Ky defined on i?_|_ with the 
property that Ku = Kv whenever Uu is conjugate to <jy in G; then u h- > Ki, is a 
G- invariant function. Associated with each cr^, we define an operator, also denoted 
by (7v, by 

f^vlix) ■■= f{xay). 
We are now in a position to define the Dunkl operators introduced in [3]. 

Definition 2.1. Let v t-^ k^ be a multiplicity function associated with a finite 
reflection group G. The Dunkl operators are defined by, for 1 < j < d, 

^J -^ ^J + y^ KyVjEy, Ey != " ^. 

veR+ ^ ' ' 

where v = (ui, . . . , Vd) and I denotes the identity operator. 

These are first order diffcrential-diffenece operators and they satisfy a remarkable 
commuting property, 

V.Vj^VjV,, l<i,j<d. 

Thus, they can be regarded as extensions of the ordinary partial differential oper- 
ators. An analogue of the Laplace operator, called /i-Laplacian, is defined by 

1=1 
which shares many properties of the ordinary Laplacian. In terms of ordinary 
differential operators V and A, the /i-Laplacian is given explicitly by 

A A ^ \ ■ I ^^•'^ II ^2^ - Pv\ 
Ah = A + > Ky \ ^ \v" ' 






In spherical polar coordinates, the /i-Laplacian satisfies the relation 



(2.5) A;, = -^ + ^ -r + ^^ 



dr"^ r dr 



r 



h,0, 



where A/j g denotes the /i-Laplace-Beltrami operator that acts only on ^ and 



(2.6) A„ :== 7k H -— with 7^ := ^ 



d-2 

with 7k := 

veR+ 



2.3. h-harmonics and orthogonal expansions. A homogeneous polynomial Y 
on M.'^ that satisfies Ah^Y = is called an /i-harmonic polynomial. The restriction 
of such polynomials on the unit sphere S''"^ are called /i-spherical harmonics, which 
are orthogonal with respect to the inner product of L^(§'*^^, hf^), where 

(2.7) h4x):= Yl |(a;,f)r", x e M"^. 

veR+ 



More precisely, let V-nih^) denote the space of /i-harmonics of degree n in M''; then 
for Yn e n^ihl) with n = 0, 1, 2, . . ., 



Yn{x)Y„i{x)hi^{x)da{x) =0, n ^ m. 



The space of Hn(h1) consists of the eigenfunctions of the /i-Laplace-Beltrami op- 
erator, that is, 

(2.8) A,,,oy(a:) = -n{n + 2X^)Y{x), Y e nfM)- 

Let us denote by L^(S''^^, hf.) the space of measurable functions / for which 

1/2 

IL2( 



Hs-'-^hl) '■= i—;^ \fix)\'^hl{x)da{x) 



are finite, where a;^ denotes the normalization constant 

^d ■■= I hl{x)d<j{x). 

Let projj^ : L?{S'^^^,h\) i-> 'Hn{h'^) be the orthogonal projection operator. The 
standard Hilbcrt space argument shows that 

C30 

fix) = Y. p^-< /(^)' / ^ i'(§'-\ /i'j, 

n=0 

where the equality holds in the L^ sense. Since projJJ / £ ■Hfj(/i^), it follows from 
([^ that 

OO 

(2.9) (-A,,o)'-/(x) = ^(n(n + 2Afe))^ proj;; f{x) 

for r being a positive integer. Furthermore, we can use (|2.9p as the definition of 
(— A/i.o)'^ for r being any real number. 

3. Relations of differential-difference operators 

The Dunkl operators Vj play the role of differential operators dj in the setting 
of reflection group. We define an analogue of the gradient vector as 

V,,:=(Pi,...,I?d). 

The next lemma defines V^^Oi which is an analogue of the spherical gradient. 

Lemma 3.1. In the spherical polar coordinates x = r^ (£ W^, where r > and 
£, G W^^^ , we have 

(3.1) ^^^^ +ls/h.o, 

dr r 

where V^.O; a^ analogue of the spherical gradient, satisfies 

(3.2) V^,o/(0 - Vo/(0 + Y. '^-E-fiOv, e e S''-\ 

veR+ 

Proof. By definition, V/i = V + -B, where E — X^^jga KyEyV. Since we evidently 
have 

r {v,Q 

the stated results follow immediately from this identity and (|2.ip . D 
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Despite extensive studies of Dunkl operators and associated harmonic analysis 
(see, for example, [H H]), the operator \7h,o and its relation with Ah,Q and the 
operators I'ij, which are analogues of Dij to be defined later, have not been 
studied much in the literature. In the rest of this section, we will study relations 
between these operators carefully. 

We start with a simple, yet important, observation on V h,o- 

Lemma 3.2. For ^ e S'^-'^ , 

(3.3) e • ^kfifiO = E '^^ [/(?) - /(^'^-)] ■ 

Proof. The definition shows immediately that {£,,v)Eyf{£^) — f {£,) — f {^cTv) ■ Hence, 
by C ■ Vo/(C) = 0, (IS31) follows from 1^. D 

This lemma captures a major difference between ordinary spherical gradient, for 
which ^ • Vq = 0, and the /i-spherical gradient, as seen from our next proposition 
and several later results. 

Proposition 3.3. For ^ E S''^^, we have 

(3.4) AhM^yhM-'^hfi-^-yhM- 

Proof. Since A^ — V/i • V^, it follows from the relation p.ip that 



, , , d'^ 1 , ^ d d fl \ I 

3.5 A,, = -— + - V,,,o • O-r + i-r -Vhfi + — V,,,o • V^.o. 

dr'' r dr dr \r J r^ 

By the definition of reflection, {£^a-y,v) = — (^,w), it follows that 

^v^k-.v) = J- — r = J- — r = 1 +ay] 

moreover, by (12. ip . it follows readily that Vq • ^ = rf — 1. Consequently, by p.2p . 
we obtain 

(3.6) V,,,o-e = V-e+ E n,E,{tv)=d-l+ ^ k,{I + a,) 

= rf - 1 + 27« - J2 ««(^ -cr^) =2X^ + 1 -£,■ V,,,o 
veR+ 

by (|3.3p . Furthermore, since -^ commutes with ^ • V;i_o, 

.d fl„ \ 1 , ^ ,, „ A d 

dr \r r'^ r dr 



Inserting the last two displayed identities into (13.51) shows that 

d^ 2Ak + 1 d 1 
dr"^ r dr r^ 

which proves, upon comparing with (12. 5p . the identity (13.41) . D 



^'1 = 312+ —^^ — + — i'^hfl ■ V,,,o - C • V,,,o) , 



We now dcflne analogues of the angular derivatives Dij. 
Definition 3.4. For 1 < i, j < d, define differential- difference operators 



^i,j • ^i^j XjL^i. 



By the definition of Dt^j, we can write 
(3.7) Vij :=: Dij + Ei^j, Eij := ^ K^{xiVj ~ XjVi)E^. 



veR+ 



Proposition 3.5. For f,g e C^iS"^-^) and I < i < j < d, 

(3.8) / V,^jfix)gix)hl{x)daix) = - / fix)V,^,gix)hlix)daix). 



Proof. Let us first assume tfiat k^ > 1, so that hi^{x) is continuously differentiable. 
In particular, we have then 

d,{gix)hl{x)) = {d,g{x))hl{x) + g{x) J] 2^„^«„ 

VGR+ \^^'"l 

which yields immediately the relation 



■,^j {g{x)hl{x)) ^ D,,jg{x)hl{x) + g{x) ^ 2k^Y^{x,Vj - x^v,). 



By the identity (|2.4I) . the differential part oiVij then satisfies 



D,,,f{x)gix)hlix)daix) - - / /(x)A,, {g{x)hlix)) da{x) 

/(x)A,iff(a;)/i^(x)dcr(a;) 



2 / /(x)g(x) ^ ^ /'"; ''f' hl{x)da{x). 



Next we consider Ei^j term. By the definition, we have 

r ,^^ r r f{x)q{x) 
/ Eijf{x)g{x)hl{x)da{x) ^ } Ky / {xiVj ~ XjVi)^, ^—h\{x)d(j{x) 

- / {xiVj - XjVi) -^^ h\(x)d(T{x) 

Jsd-i (a;,w) 

In the last integral in the right hand side, we make a change of variables x i— >■ xa^ 
Since h\(x) is invariant under the reflection group, {xav,v) — {x,vav) — —{x,v] 
by the definition of a^ and 

2{x^v) 
H 
we see that 

{xiVj - XjVi) — ^^ hl(x)d(j ^ {xiVj - XjVi) —!^hl{x)da. 

sd-i {x,v} Jsd-i {x,v) 

Consequently, the difference part of Vij satisfies 

Ei,jf{x)g{x)h'i{x)da{x) =- / f{x)Eijg{x)hl{x)da{x) 

+ 2J2^J I{x)g{xf-^^^j^^hl{x)da{x). 



(xav)iVj - {xay)jVi = XiVj - x-jVi .. ' {viVj - VjVi) = XiVj - XjVi, 
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By p.7p . summing up the integral relations for Dij and Eij proves (|3.8|) . This 
completes the proof under the assumption oi Ky > 1. The general case of Ki, > 
follows from analytic continuation. D 

Our next proposition gives an expression of V/i_o in terms oi'Dij. 
Proposition 3.6. The jth component o/ V/,..o satisfies 

d 
(3.9) (V,,o),/(e)= E i^'^^JiO+m■^h,0), ^eS'-K 

Proof . For the classical spherical gradient Vq, we know that 

d 

By (|3.2p . we can then write 

d 

(v„,o),/(e)= E e»A,,/(e)+ E «^-^-/(0«j- 

By the definition of Ei^j and setting Ei^i := 0, we have 

d d 

E^^^^j-/(o= E «.^./(oE^^te"^-?j-"')= E ««^./(0(^^,-o(c,t')), 

which leads to, upon rearranging and using the definition of E"^, that 

d 

E '^-^-/(o^. = E^^^^^^/(^)+^j- E «^4/(o - /(^'^.))- 

Since I?ij = I?i,j + Si.j, p.9p follows from the above relations and p.3p . D 

Our next goal is to derive an adjoint of V/i^Oj for which we need a lemma whose 
proof relies on the following identity ([H p. 156]): For I < i,j < d, 

ViVj 

Lemma 3.7. For I < i < j < d, 

d 

E ^^A^j9{0) = (Vft,o),5(0 - h. + d^l)ijg{0 - E ^v{^'^v)jg{^<7v). 
Proof. Using the identity in the previous lemma, it is easy to see that 

'D^A^^9iO) = 02?^,5(C) - e.5(C) + 2 E ^^^^\Z\^^j9i^''-)- 

veR+ " " 

By X]j=i(^j^j ~ ijVi)vi — Vj{^,v) — ^jIl'i'lP and the definition of ^ay, we obtain 

d d 

E ^^A^aiO)^ E ^^D,,,g{0^{d-l)^,g{0~ Y. ''A^j + i^<^vh)gi^<7y). 

i=T-,i9^j i='i-,i¥'j veR+ 



(3.10) V,{x,f{x)) = x,VJ{x) + S,,,f{x) + 2 E ^.fp/(xa„). 



Applying the identity p.9p one more time shows that 

d 

E ^^A^aiO) = (v,.,o),5(C) -{d- i)^MO - E ^- (^o9{0 + (C'T,),5(ea,)) , 

which becomes the stated identity if we break the last sum as two sums and recog- 
nize that the first one is equal to "fn^jgiS,)- The proof is completed. D 

We are now in a position to identify the adjoint operator of Vh,o in L'^{S'^^^ , hf.), 
which is given in the following integration by parts formula. 

Proposition 3.8. For f,g e C^iS"^-^), 



(3.11) / VhMfiOgiOhliOdaiO 

fiO NhMgiO - (2Ak + l)xgm hliOdaiO- 



Proof. Using the identity p.9p we can decompose the j-th component of the left 
hand side of p. lip as a sum of two integrals, 

i2= f E ^^^jifio - m^v))g{0him^{0- 

For /i we use the identity p.8p and Lemma [5T71 to deduce 



„ d 

^1 = - / fiOT.'^^A^^mK{Od^{0 



fiOi^hM)MOhmdaiO + ilk + d~l) (jfiOdiOhmdaiO 

+ E ^- / fiOii''v)Mia,)hliOdaiO, 

whereas for I2 , we break the integral as a sum of two integrals and change variable 
£. >-^ ^cTy in the second one to obtain 

/2 - / E ^vCjfiOgiOhliOdaiO - f E ^vUi^'T,)g{OhliOda{0 
^iJ ^jI{09{C}hl{e}da{0~Y.^- I f(0{^'^v),g{^a,)hliOdaiO. 



v^R 



+ 



Adding the expressions for 1\ and I2 proves p. lip . D 

Our next two propositions give further connections between the operators I'i.j, 
the /i-spherical gradient V^.o and /i-Laplace-Beltrami operator A^^o- 

Proposition 3.9. The operators Vij and Vh,o satisfy the relation 

(3.12) v,.,o/(e) • v,.,og(e) + (e • v,,o/(0)(e • v,,og(0) = E 2?,,,/(e)i?.,,5(c) 

l<i<j<d 
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for ^ G S'^^"'^. In particular, 

(3.13) ivM/(e)p + ic-VM/(e)p= E i^v^/(Oi'' ^e§'-\ 

l<i<j<d 

Proof. For simplicity, we denote the right hand side of p.l2p by [Df, Vg] . By the 
decomposition of Vij in p.7p . we can write 

[Vf, Vg] = [Df, Dg] + [Df, Eg] + [Ef, Dg] + [Ef, Eg], 

where the brackets in the right hand side is defined in analogy to \Df, "Dg] . By 
p.3p . we have [Df, Dg] = \/of{x) ■ Vo5(a;). By the definition of Eijf and the fact 
that XiVj — XjVi = Di_j{x, v) , we have 

[Df,Eg]= Y. D,,,f{i)E,,,g{^)=Y,K,E,g{^) ^ A,,/(e)A.,(^, «)■ 

l<i<j<d v£R+ l<i<j<d 

Since, by ()2.1|) . we have for x — r^. 



(3.14) Vo{v,0 = lvo{v,x) ^V{v,x) - ^^{v,rO = V - {v,0^, 

it follows from ^^ and ^ • Vo/(0 = that 

J2 A,,/(e)Aj(e, v) - Vo/(0 • Vo(«, - Vo/(e) • (v - {v, 00 = Vo/(0 • V- 

l<i<j<d 

Consequently, we conclude that 

[Df,Eg]^ E K^E^giO'^ofiO-v. 
veR+ 

Reversing the role of / and g, we obtain an analogue expression for [Ef,Dg]. 
Furthermore, the above consideration also shows that 

l<i<j<d l<i<j<d 

so that, by the definition of Eij and p.3p . 

[Ef,Eg]^Y Y ^■"'^"^■"■/'^^^^''SiO Y (^'''"j -?J^O(C«Uj -?j"*) 

- J2 J2 ^iyK,,EJ{OEug{0{v,0{u,0 
= E E ^^v^uE,f{OEug{0{v,u) ~ (C • v„,o/(0)(C • ^hMO)- 

vGR+ u£R+ 

Summing up these expressions, we deduce then 

[V, P] = - (^ Vh,of{Om ■ V/.,off(0) + Vo/(0 • Vog(0 + E ^vEMO'^ofiO ■ 1 

veR+ 

+ E K.K/(e)Vo.g(0 ■ « + E E 'ivKuE,f{OEug{0{v,u). 

v£R+ veR+ ueR+ 

By the decomposition p.2p , the last four terms in the right hand side of the above 
expression is precisely '^h.ofiO ■ ^h,og{£,)- This completes the proof. D 
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Proposition 3.10. For ^ e S'^ \ 
(3.15) A;,,o= Y. ^L + (^^M)' + (c«-2)(e-V„,o). 

l<i<j<d 

Proof. We start with the main term in the right hand side. Since P^j = Di^j +Eij, 
we can write 

(3-16) E ^'. = E ^h + E ^^^^^^ + E ^^^^-^ +T.^lr 

i<j i<j i<j i<j i<j 

The first term in the right hand side, by (|2.2I) . is equal to Aq = Vo • Vq. For the 
second term, we use the fact that $^iVj — ^jVi = Dij{£^, v) and the fact that Dij is 
a derivation to write it as 

i<j veR+ l<i<j<d 

vGR+ vGR+ 

by ^^ and (gSl). Now, by (HH)), it is easy to see that Ao(C,u) = -(d- l)(C,w), 
which implies, together with p.l4p . that 

^ AJ-B^J = - (d- 1) E ^v{i,v)E^ + Y '«"(«• "^o^t, - {v,Oi ■ Vo£^«) 

i<j vGR+ veR+ 



= - (d - 1)^ V,,,o + E '^"^ • ^oEy 



veR+ 

upon using p.3p and the fact that ^ • Vq — 0. The third term in the right hand 
side of ([31^ is 

Using the definition of E^ and {£,(Jv)j = £,j — 2{£^,v)vj/\\v\\'^, we see that 

which implies that Ey[S^iVj —S,jVi) — {S,iVj —S,jVi)Ey. Hence, using p.l4p and p.3p . 
we conclude that 

i<j v£R^ i<j veR+ i<j 

= E KyEy'\/Q{^,v) • VO = E '^■"^'" ' '^0- 

veR+ UG-R+ 

Finally, the fourth term in the right hand side of p.l6p can be written as 

= E E ^"^" E -P'.j (^' "") -P'.j (^' u)EyEu 

vGR^ uGR^ i<j 
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By (|2.3p and (|3.14|) . it is easy to see that 

^ A,,(C,^)A,,(C,") = (Vo(^,«)) • (Vo(C,")) = {v,u) - {v,0{u,0, 

i<j 

which imphes, by p.Sp that 

t)G-R+ MG-R+ 

Putting these expressions that we derived for the four terms in the right hand 
side of (|3.16p . we conclude that 

On the other hand, by the expression of V^.o in (|3-2I) . it foUows from p.4p that 
A/i,o + ^ ■ V/i,o = Vo • Vo + ^ Kvv ■ VqEv 

v£R+ 

+ ^ K^E'^W • Vo + ^ ^ KvKu{v,u)EyEu. 
veR+ veR+ u£R+ 

Comparing the last two displayed equations proves p.lSp . D 

It is worth mentioning that ^ • V^.o appear in the previous two propositions. For 
ordinary derivatives, ^ • Vq = 0. 

As a final result in this section, we state a relation between the L^ norm of V^.o/ 
and (— A/io)^/) which will be used in the next section. For the classical differential 
operators, the L- norm of Vq and (— Ao)^ are equal. The equality, however, holds 
only for invariant functions in the weighted setting. 

Corollary 3.11. The operator — A;i_o ^s self-adjoint with respect to h\da and 

1 2 

-{d-2)—[ e • v„,o/(e)/(e)/i^(e)rf^(e). 

Proof. By p.3p . it is easy to see that the operator ^ • V/,..o is self-adjoint. Hence, 
since P? is self-adjoint, it follows by p. 151) that Ah^ is self-adjoint. As a result, 
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we conclude that 






d- ■^^ l<i<-i<d 



^d Js''-^ 

Integration by parts by (I3.8P and using p.l2p . the first integral in the right hand 
side is precisely ||V;i,o|i^2(sd-i ^2-,, which proves the stated identity. D 



4. Uncertainty principles on weighted space on the unit sphere 

In this section we study uncertainty principle on the weighted space. We denote 
by W2{E>^~^, hf^) the weighted Sobolev space 

Since the measure h^da is no longer invariant under the entire orthogonal group, 
we can no longer expect an inequality that holds with minimal taken over all e € 
S"^^^ as in (|l.ll) . What we are able to do is to take minimal over all the coordinate 
plans as shall be seen below. 

For our first result on the uncertainty principle, we consider functions that are 
invariant under a reflection group G. Recall that the weight function /i^ associated 
with G is defined in (|2.7p and the constant A^ is defined in 



Theorem 4.1. Let f S W2{§>'^ ^j'^-k) ^^ invariant under the reflection group G 
and assume Ld-i fix)hf^{x)da — and \\f\\L^(S''-^,h^) = 1- Then 

(4.1) mm -\ f (1 - Xi)\f{x)\'hl{x)da W^ofWh^s-^-.^^^^ > C,M, 

l<i<d UJ^ Jgd-i 

where 

V2x:, 



C^d = 2A„ 1 - 



^(A, + i)2 + 2A,^ 

Proof. For convenience, we set 
1 



„ , {l-x,)\J{x)\'hi{x)d(j{x) and i^/ := r||Vo/||i2(s.-i,^2). 

Our goal is to show that Lf is bounded below by a constant. Since ||/||L2('§d-i ^^2^ 
1, it is evident that r g (0, 2). By (I3.1ip with g = f, we have 

(4.2) (2A« + 1)/ x\f{x)\^hl{x)da^2 f f{x)VHfif{x)hl{x)da. 
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Since / is invariant under the reflection group, V/i,o = Vo and x • Vh,ofix) = by 
([33]). Hence, for I < i < d, 



d 

whicli implies immediately that 

l(Vo)./(a;)|' - \x,{V^),f{xf + (1 - x,f |(Vo)J(x)|^ < (1 - x^f |Vo/(a;)|' . 

Consequently, applying the Cauchy- Schwartz inequality on the ith component of 
dOl) gives 

2 

f{x){Vo\f{x)hl{x)da 



^d 



S<i-i 



< — / (1 - a;,)2|/(a;)p/i^(x)da||Vo/||i.(s.-.,,.). 



1 

^d Js"-^ 
Since ||/||^2(-sd-i ^2) = 1, the Cauchy-Schwartz inequality shows that 

i, / \f{x)\'xjhlix)daix) > \ f \f{x)\'x,hl{x)dcj{x) ' = (1 - r)\ 

from which it follows that 

(4.3) ^ / |/(a:)p(l - xl)hl{x)daix) < I - (I - rf ^ (2 - r)r. 

Consequently, we conclude that 

(A. + i)2(l - r)2 < (2 - r)r||Vo/|li2(s.-.,,2) = (2 - r)Lf 
or, equivalently, 

(4.4) Lf > (A. + ^r^^f^. 

^ 2 — r 

On the other hand, by (|2.8p and the assumption that Jgd-i f{x)da{x) = 0, 

00 

1 = \\f\\hiS^-\hl) = E \\P''°inf\\l-HS-^-\hl) 
n=l 

I °° 1 1 

< ^Yn{n + 2X^)\\pToi^f\\l2(^l^d-if^2j = ^\\{-^hM)Kf\\l2(^s''~i^hl)- 

Since / is invariant under the reflection group, it follows from p.3p and Corol- 
lary [XII] that ||Ah,o/|li2(sd-i ;j2) = ||Vo/|||2(sd-ij,2), which implies that Lf = 
''ll^o/|li2(sd-i ^2) > 2A„r. Together with (|4.4I) . we have shown that 

1,2(1^1)! 2A„rl> min max |(A. + i)^!!-^' 
2-r J te(o,2) 1^ ^ 2-t 



L/>max<{ (A« + i)2i^^ — :^.2A„r|> > min max <{ (A«, + i)^^^:; — 7-,2A«t 



Since (1 — t)^/{2 — t) is decreasing on (0, 2), it is easy to see that the value of the 
right hand side is attained when the two terms are equal, which proves (|4.ip . D 
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If / is not invariant under the reflection group, tlie above proof breaks down. 
Indeed, in that case, we no longer have |(V/i, 0)1/(2;) P < (1 — xf)\\7h,Qfix)\^ since 
such an inequality would imply, by (J3.9I) . that x ■ Vh,o{x) — for Xi = 0, which 
does not hold in general. 

One naturally asks if it is possible to establish an uncertainty principle for func- 
tions that are not necessarily invariant. Our next result shows that, under a mild 
condition on k, such a result can hold in the case of G = Z2. 

For G = Z2, the weight function /i^ is defined by 

d 

hKix) = Yl\xi\''', Ki>0, 

and the Dunkl operators are given by the following expression: for 1 < j < d, 
(4.5) V,!{x)^d,!{x)^K,E,!{x), E,f{x) 

where xaj :— x ~ '^XjCj denotes the sign change in Xi 



fix)- f{xaj) 



Theorem 4.2. Let G = Z^ and h^{x) = nf=i kiT'- Let f € W^(S, hi) satisfying 
j^d-if{x)h\{x)d(j = and ||/|lL2(sd-i^;,2) = 1. // at least one k..j ^ \ for j = 
2, 3, . . . , d, then there is a constant C^^d, depending on k and d only, such that 

(4.6) -\ f (1 - xi)|/(a;)pda(x)||V,,o/|li.(s.-. ^2^ > C.,d. 

^d JS'^-i " 

In particular, if at least two Ki 7^ 1/2, then 
1 f ,. 



.^^.~^ / (1-^01/(2^)1 da{x)\\Vhfif\\^2(^sd-ih2)>C^^d- 

l<i<d (jj^ Jsd-i 

Proof By KT^i . it follows that 

Vi{xjf{x)) = XjVif{x) + Si,jf{x) + 2KtSt,jf{xaj), 
which implies, in particular, that 

(4.7) X'ij(xj/(x)) = XjVijf{x) + xif{x) + 2KjXif{xaj). 

The integration by part in p.Sp shows that 



XjVijf{x)f{x)h^{x)da{x)=- / f{x)Vi,j{xjf{x))h^{x)da{x), 
which yields, upon applying (14. 7p . the relation 
(4.8) 2/ x,Vi,,fix)f{x)hlix)daix)^- f xi\f{x)\^hlix)da 



-2kj xif{x)f{x(Tj)hf.{x)da. 

Furthermore, in this case, it is easy to verify that 

V,[f{xa,)]^-{Vjf){xa,) and 2?4/(xa,)] = (P./)(xa,), i^j, 
which implies, since Xj = —{xaj)j, that for i y^ j, 

'DijifixcTj)) ^ -M'DjDixcTj) - Xj{VJ){xaj) = ~{V^^jf){xaj). 
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Consequently, replacing f{x) by f{x(Tj) in (|4.7p shows that, for j > 2, 

'^iji^jfi^^])) =X]'^i.]{f{^^])) + 2;i/(a;fTj) + 2K.jXif{x) 

= - XjCDi^j f){xaj) + xif{x(jj) + 2KjXif{x) 

Now, changing variable x i— >■ xcj and applying p.Sp . we obtain 



Xjf{x){Vi^jf){xa-j)hJx)da = - / Xjf{xa-j)Vi^jf{x)h^{x)da 

f{x)T>ij{xjf{xaj))hl{x)da, 



where we have used {xaj)j — —Xj. Together, the above two displayed equations 
lead to 

^j fix)i'Di,j f)ixaj)hl{x)da = / xif{x)f{xaj)hl{x)da 



2k, / x^\f{x)\'hi{x)da. 



Combining with (|4.8p . we conclude that, for j > 2, 

(4.9) (4^2-1)/ xi\f{x)\^hlix)da^AKj f Xjf{x)(V^J){xa,)hl{x)da 



S'i-i 






a;,/(x)(I?i,,/)(x)/^^(x)da. 



By the Cauchy-Schwartz inequality and (I3.13p . we obtain 

2 

x,f{x)(V^^,f)[x)hl{x)da 



1 



'^d "'S'^-i 



< 



1 



^d JS<i-i 



x]\!{x)\^hl{x)da\\\7uflf\\l.^^,^,,^.^y 



Furthermore, using the invariance of hf^{x)da under x i— ?> xctj, 
—;^ / X3f{x){T^i.3l){x(Tj)hl{x)d(j 



< 



—;: / {xaj)jf{xcr/)(Vijf){x)hl{x)da 
^d Js''-^ 

-^ f x^^\fix)\'hl{x)da\\Vh,offms^-.,h^y 



Hence, setting 



1 



r:^^^ il-xi)\f{x)\ h^{x)da{x) and Lf := r\\VhMf\\L2(S''-\hl)^ 



S<i-i 



we then deduce from (|4.9p , by the above estimates and x'j < 1 ~ x\, that 



{An]-l)\l-r\' = {A^^-l) 



s<i-i 



x,\J{x)\'hi{x)da 



< (Ak, + 2)— / (1 - xi)\fixrKix)da\\V^^of\\i2^s^-.,H^), 
^d Js-i-^ 
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which implies, by (|4.3p . that for j > 2, 

(4«:?-l)(l 



i/> 



(4Kj+2)(2-r) 



As in the previous proof, our goal is to shows that Lf is bounded below by a 
constant. Again, r e (0,2) since ||/||k,2 = 1- If kj ^ 1/2 for some j > 2, then the 
above inequality gives an nontrivial lower bound of Lf. 

On the other hand, the Cauchy-Schwartz inequality shows that \x ■ \7h,ofix)\ < 
||2;|||Vh,o/(2;)|, so that by Corollarv 13. 1 II and the Cauchy-Schwartz inequality. 



-^h,o)^f\\L^{Sd-i,hl) ^ ll^'i.o/|lL2(gd-ijj2) +2A 

< l|V/i,o/|lL2(gd-i ,j2) +2A„||V/i^o/||L2(Sd-i,/iJ) 



X ■ Vh,ofix)f{x)h^{x)da 



as ||/||i2(gd-i ;j2') — 1. Consequently, as in the proof of the previous theorem, we 
deduce from (|2.8I) and the assumption that /gd_i f{x)h'^{x)da = that 

1 < ^ll(-A;i,o)^/|li2(sd-i,^2) 

< 2A~ \}^^'''"-^^^L^i^'''\hl) +2AK||V/,.,o/||L2(sd-i_^2)j , 

which implies, as a simple calculation shows, that 

2Afc 



l|V/i,o/llL2(s<i-i,hj) > V -^K + 2Ak — A„ 



v/A2 + 2A, + A. 



Hence, it follows that Lf = r||Vh,o/|li2(sd-i ^2) > B^r. Together with (I4.4p . we 
have shown that 

if>max-^AK- — ,i3Kr^> min max <^ yl^ -^ —,BJ 

which proves, as in the proof of the previous theorem, the stated inequality. D 

A couple of remarks are in order. First of all, we do not know if the assumption 
that at least one k^ ^ 1/2 is necessary. Second, the operator V/i_o contains a 
difference part. It is not clear how the space W2 {S"^'^ , hf,) compares with the 
usual Sobolev space defined solely by differential operators, or how it is compared 
with the space defied via (— Aq)" (see, for example, [12j). Thirdly, the optimal 
constant C^^d for our uncertainty inequalities are not known; in fact, this constant 
is unknown for the unweighted inequality (jl.ip . We did not try to find the best 
constant we can in the proof of Theorem 14.21 In fact, following another approach 
in [2] based on orthogonal expansion, it is possible to establish (|4.6p , under a more 
restricted constrain on k, with a better constant than the proof of Theorem 14.21 
could offer; the constant, however, is still not optimal. 

5. Uncertainty principle on the unit ball 

There is a close relation between analysis on the unit sphere and on the unit ball 
(see [4]), which can be used to derive uncertainty inequalities on the unit ball from 
the results in the previous section. 
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Let h^ (x) be the reflection invariant weight function defined in p.7p for a given 
refiection group G and a multiphcity function k. For /i > 0, we consider the weight 
function 

(5.1) W^^^ix) := hl{x){l - \\xfr-'/^ xeM^. 

Evidently W^,^ is invariant under the reflection group G. When k = or hi^{x) — 1, 
it becomes the classical rotation invariant weight function 

W^^(x) :=(l-||a;||2)^~i/2^ ^^^d^ 

Let L^(B'', IVk.p) denote the space of measurable functions for which 

II/I1l2(b^.w„,,,) = (b^.^ l\f{x)\^W^^f,{x)dxj 

are flnite, where 6^,/^ denotes the normalization constant so that ||l||w^ ,.2 = 1- For 
simphcity, let us define W2{V>'^, M^k,^) to be the subspace of L^iM"^, W^^^) for which 
all first order derivatives of its elements are in L^(B'', VF^.^)- 

The weight function W^^^ is known to be closely related to the weight function 

hi^^i_,{x,Xd+i) = hl{x)\xd+i\'^^, {x,Xd+i) e S"*, 

which is invariant under the reflection group G x Z2 acting on S'^. Let §^ denote 
the north hemisphere defined by §"[ := {{x,Xd+i) G S*^ : Xd+i > 0}. Then the 
connection between the two weight functions is established through 

ix,xd+i) eS+^xeB^ 

which is clearly a bijection. Under this map, it follows that (cf. [4j Sec. .8]) 

(5-2) ||F||i2(sd^^2_^) = ||/||i2(Bd,H'^_^), if F{x,Xd+i) ^ f{x). 

Recall that Dij — xidj — Xjdi for i ^ j. We introduce the notation Wd that 
satisfies 

l<j<j<d 

Theorem 5.1. Let f £ W2^(B'^, VT^.m) be invariant under the reflection group G 
and assume J^d f{x)WK.fj.{x)dx = and ||/||L2(Bd vf^ ■) = 1. Then 

(5.3) min 6,,^ / {l~x,)\fix)\^W^^^{x)dx\\\Vf\\\^>G^,^,, 

where 

(5-4) HIV/IIP := ||V/||i2(„.,v^^_^^,) + ||Vz,/||i2(B..H^_) 

and, with A„,^ := 7„ + /i + ^, 



C-K,,fj. — 2Ak,^ I 1 



\/2Ak,p 



(A.,^ + i)2 + 2A,,, 



Proof. Let F{x,Xd+i) — f{x) for x G B''. By (j5.2p . the uncertainty principle 
(|4.ip would follow from the corresponding (j4.6p if we could establish the identity 

HIV/Ill = llVo^L2(s.-.,^2). 
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For (y, yd+i) e K'*+^ such that yd+i > 0, we define a mapping (y, yd+i) ^ (r, x), 
where < r < 1 and x G B'', by 



yi=rxi,...,yd^rxd, yd+i = rxd+i, Xd+i = \/l -x{ 
It is easy to see that this is a bijection and we have 

oyi or r \oxi 

d d 1 



-^Xrf+i— + -(-a;d+i(a;.V(^))), 



where V'^-* is the gradient in the variables x in R'', which imphes, by (|2.1I) . that 

(5.5) oa;^ 
(Vo)d+i--a;rf+i(a;-V(^)), 

where Vo is the spherical gradient on §"*. It follows then that 

d+l 

|VoF(x,Xd+i)|2 = ^|(Vo).F(a;)p 

= E (^ - ^^(^ • ^/(^))) + ^""d+iix ■ Vf{x))f 

= |V/(x)p - 2(x • V/(x))2 + ||a;|p(a; • S/f{x)f + xl^,{x ■ S/f{x)f 

(5.6) =|V/(x)p-(a:.V/(x))2. 

On the other hand, a shuple compntation shows that 

^ d d 

(5.7) J2 \D^,,f{x)\^ = -J2Y.('^^^,f{x)-X,^J{x)r 
l<i<j<d 1=1 j=l 

= \\xr\^f{x)\'-{x-\/f{x))\ 

Putting these two identities together, we obtain 

|VF(x,a;,+i)P-(l-|klP)|V/(x)p+ J2 \D^.jfi^)\^ 

l<i<j<d 

which implies, by (|5.2p . that |||V/||| = ||Vo-F|lL2(s<i-i^/j2). The proof is completed. 

D 

Let V^(Wk,^) denote the space of orthogonal polynomials of degree n with respect 
to M^K,^ on B''. It is known that Vni^K,tJ.) is a space of eigenfunctions of a second 
order differential-difference operator I?K./i defined by ([II ) 

P,,^ := Ah-ix- V)2 + 2A«,^(a: • V); 

more precisely, we have 

(5.8) I?K,pP = -nin + 2\,)P, VP G V^(I^k,^). 
Furthermore, let proj„(IVK,p) be the projection operator 

proj„(W^«,J : L2(B'i,H^^^^) ^ V,;J(W^«,^). 
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Then (|5.8p holds for P = proj„(TyK,Ai)/i which can be used to define the fractional 
power of 'DK^fj,. It is known that I?k,/j is related to A;i^o associated with h^^fj,- In 
particular, for functions invariant under the reflection group, we have the relation 



(-2?.,.)^/^ 



L-^{M'i,W^,^,) 



In the case of the classical weight function W^ , there is no need to assume that 
/ is invariant under a reflection group. 

Theorem 5.2. For the classical weight function W^ with ^> 0, let f £ W'^i'R'^, W^) 
satisfying J^^ f{x)W^,{x)dx = and \\f\\L^{B'i,w^) = 1- Then 



(5.9) 



eGE 



{l-{x,e))\f{x)\^W^{x)dx\\\Wf\\\'>C, 



where C^ ~ Cq^^, and |||V/||| and C^.^ are the same as in the previous theorem. 
Proof. Since W^ is invariant under the rotation group, it follows that 



min hn 



{l-{x,e))\f{x)\^W^{x)dx 



{l-xi)\f{xT)\''Wf,{x)dx 



for some rotation r G 0(d). In the proof of the previous theorem, we have shown, 
by HIV/Ill = ||Vo^||L2(s^-i,hj) and dSH), that 



ll|V/|||^ 



[\Vf{x)\^-ix-Vfix)f]W^ix)dx. 



r4^ is invariant under the 

ar 



Since V[/(a;T)] = (V/)(xr) and, by ^^, x ■ V 

rotation, it follows that |||/||| is rotation invariant. In particular, its value will not 

change if we replace f{x) by f{xT). Hence, (|5.9p follows from (|5.3p . D 



The geodesic distance function of the sphere S'' yields a distance function da on 
the unit ball defined by 

dB(x, y) := arccos ((x, y) + ^1 - \\x\\^^l - \\yp'^ , x,y G 1^. 

It follows, in particular, that if y e B'', then 

da (a;, 2/) 



1 / \ 1 ^ t \ -2 dB(2:,2;) ^ ^2 

1~ {x,y) ==l-cosdB(x,y) = sin -— - -^-'-^-^ 



The quantity |||V/||| in (15.91) can be replaced by a more convenient operator 
norm that involves only partial derivatives instead of Dij. 

Corollary 5.3. Under the assumption of the Theorem \5.'A we have 



(5.10) 



mm 



{l-{x,e))\f{x)\^W^,{x)dx 



« d 

., / Y.^i~ximf{x)\^w^(x)dx 



>C„ 



Proof By the definition of Dij and the Cauchy-Schwartz inequality, we have 
(A,,/)2 ^ (x.djf - x.djf < 2 [{x.djff + ixjd.ff] , 
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which implies that 

l<i<j<d l<i<j<d 

2—1 j—1 i—1 i— 1 

Thus, it follows readily that 

d 

(1 - ll-^lP)|v/p + ivz^/p < 5](i - xn(a./f, 

i=l 

SO that ((5?T0l) follows from (lO)) . D 

In the case of G = Zj, we can deduce an uncertainty principle on the unit ball 
from that of (|4.6p . In this case, the quantity |||V/||| includes a part of difference 
operators. Let us use the notation V-p that satisfies 

l<i<j<d 

Theorem 5.4. Let hn{x) ~ Y[i=i l^^il"' '^'^^ assume that Ki ^ 1/2 for at least two 
i. Let f G W^{M'^, W^K,/x) satisfying /^^ /(x)H/„,^(x)dx = and ||/||l2(b^w„,j,) = 1- 
Then there is a positive constant C^,^, depending K^fj,,d only, such that 

(5.11) min6«.^ / (1 - x,)|/(x)|2M^«,^(a:)dx |||V/|||2 > a,^, 

w/iere 

ll|V/||| := l|V/||^2(Bd,w/^_^^^) + ll'^I'.fllL2(Brf,H/,,^) + ll^/llL2(B'i,W„,^) 

m which 

d 

Df{x):=Y,K,{f{x)-f{xo,)). 

Proof. Using the correspondence of F{x, Xd+i) = f{x) for x G B'^, our main task is 
to deduce an expression of WhfiP- Recall the definition of the Dunkl operators for 
Zi in dm. By (132]) and ^EM, we see that 

{Vh^o)tFix, Xd+i) = V,f{x) ~ x^{x ■ V/(a;)), 1 < i < d, 
{^hfi)d+iF{x, Xd+i) = -Xd+iix ■ V/(x)). 

Consequently, it follows that 

d 

\VhfiF{x, Xd+i)\'' = E l^»/(^) - ^'(^ ■ W(a;))|' + |a;d+i(a; • V/(x))|2 
1=1 
= |V„/(a:)p - 2{x ■ Wf{x)){x ■ Vufix)) + {x ■ Vf{x)f 

= \^hf{x)\^ - {x ■ ^hf{x)f + [x ■ \If{x) ~ X ■ \Ihf{x)f 
It follows directly from the definition of V/i that 

d 

X ■ Vhf{x) - X ■ Vf{x) = Y. ^^x^E,f{x) = Df{x). 
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Furthermore, the identity (|5.7p holds with Dij and V replaced by Vij and V/i. 
Putting these together shows then 

Nh,oF{x,x,+,)\^ = {l-\\xr)\W,J{x)\^+ Y. \'D^^,f{^)\' + \Df{x)\^ 

l<i<j<d 

which shows that \\'^h,of\\L^(S''.h^) = Ill/Ill ^^^ completes the proof. D 

6. Uncertainty principle on the simplex 

In this section we use a close relation between analysis on the unit ball and on 
the simplex 

T'' := {x e R'^ : xi > 0, . . . Xd > 0, 1 - |x|i > 0}, 

where |a;|i — xi + . . . + Xd, to derive uncertainty principles on the simplex T'' from 
the results in the previous section. 

Let Hh (x) be the reflection invariant weight function defined in (j2.7p for a given 
reflection group G and a multiplicity function k. Assume that h^ is also invariant 
under the group Z2 of sign changes. For /x , we consider the weight function \li\ 

y/Xi ---Xd 

There are essentially two examples of such weight functions, which are given below. 
Example 1. Classical Jacobi weight function: 

d 



3-1) f/.,^(t) = nkr'-^(i-Nir-^ 



i=l 



which is associated with the group G = Zj. 

Example 2. Weight function associated with the hyperoctahedral group: 



d 



(6.2) u,.,,{t) = x{\xr-'^ n k-a;,r(i-Nir~i 

i=l l<i<j<d 

Let L^(T'', [/k,/j) denote the space of measurable functions for which 

II/IIl^ct", [/„,„) = Uk.m / \fix)\'^U^,^{x)dxj 

are finite, where bK,fi denotes the normalization constant so that ||l||c/^ ,2 — 1. The 
constant 6„.^ turns out to be the same as the constant for W^.^ defined in (|5.ip . as 
we have 

iy«,,^(xi,. ..,Xd) = J(x)^C/k,^(xi,...x^), 
where J(x) — \/x\ ■ ■ ■ x^ is the Jacobian of the changing variables 

i,: (xi,...,Xd)eB'*h^(x?,...,x2)eT'*. 
In fact, under this change of variables, it is known that [4, Sect. 6.2] 

(6-3) II/IIl2(T^C/„,^,) = 11/ ° V'llL2(B^H/,,f,)- 

We can also define the Sobolev space W\{^'^ ^ ^k,m) similarly as in the case of B''. 
To state our uncertainty principles, let us introduce the differential operators 

(^1,3 ^di- dj, I < i < j < d, 
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and define the following functions on T"^ 



(pi{x) — \/xi{l — \x\i), 1 < i < d, and ipij{x) — y/XiXj, 1 < i < j < d. 



Theorem 6.1. Let C/k,^ be the classical Jacohi weight function in (16. 1|) . Let J S 

W^{T'^,Uf,^f^) satisfying J^^ f{x)U^,,^_,{x)dx = and ||/||l2(t<',;7,,^) = 1- Then 

(6.4) min 6,,^ / (1 - ^)\f{x)\''U^,^{x)dx \\\df\\\'' > C,,^, 

where 

d 

(6.5) IP/IIP :=^||^.9,/||i.(T.,y„,^)+ E ll^^.5^./lli^(T^a.,,)- 

i=l l<i<j<d 



and Ck.^ is equal to 1/4 o/ the constant in Theorem \5.1[ 

Proof. Since f o ip is invariant under Zj, this theorem follows from Theorem 15.11 
and dlSl) if we can show that |||V(/ o '0)111 in ([53) is equal to 2|||a/||| in ([S3|) . 

For a; e B'', let F(x) = foiP{x) = f{xl, . . . ,xl). Then a,F(j:) = 2a;,(aj)oi/'(a;), 
so that 

(1 - \\xr)\VF{xr = (1 - |la:|l2)4^x?|(9,/) o^(a:)p = 4^ |(</.,9,/) o ^{x)\' 

1=1 j=i 

and 

d d 

|VcF(x)|2 = 4^a:,x,|(9,^,/) o^(a;)p = 4^ \{<t>^,,d.,,,f) o V(a:)|' , 

i=l i=l 

from which |||VF||| = |||9/||| follows by dO]). D 

It is worth mentioning that the connection between the sphere S'' shows that the 
distance function on the simplex T'' inherited from the geometric distance on the 
sphere is defined by 

d^{x, y) = arccos (^/xriJi + ■■■ y/xayd + ^(1 - |a;|i)(l - \y\i)j ■ 
In particular, with ej denoting the jth coordinate vector, we see that 

1 — y/xj = 1 — cosdT(2;, Sj) = 2sin^ "' ^ df{x, e^)^. 

In the case of weight function associated with the hyperoctahedra group, we can 
state an uncertainty principle for symmetric functions, that is, functions invariant 
under the symmetric group. 

Theorem 6.2. Let [/„_^ be the weight function in (|6.2p . Let f e W2{T'^, C^k./^) be 
a symmetric function and satisfy Jjd f{x)Ui^^^{x)dx = and IJ/IU^ (?<*,[/;.; ) — 1- 
Then the inequality (J6.4I) holds. 
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